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Efficiency of Deterministic Entanglement Transformation
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We prove that sufficiently many copies of a bipartite entangled pure state can always be trans-
formed into some copies of another one with certainty by local quantum operations and classical
communication. The efficiency of such a transformation is characterized by deterministic entangle-
ment exchange rate, and it is proved to be always positive and bounded from top by the infimum
of the ratios of Renyi’s entropies of source state and target state. A careful analysis shows that the
deterministic entanglement exchange rate cannot be increased even in the presence of catalysts. As
an application, we show that there can be two incomparable states with deterministic entanglement
exchange rate strictly exceeding 1.
PACS numbers: 03.67.Mn, 03.65.Ud
I. INTRODUCTION
As a valuable resource in quantum information pro-
cessing, quantum entanglement has been widely used in
quantum cryptography [1], quantum superdense coding
[2], and quantum teleportation [3]. Consequently, it re-
mains the subject of interest at present after years of
investigations. Since quantum entanglement often ex-
ists between different subsystems of a composite sys-
tem shared by spatially separated parties, a natural con-
straint on the manipulation of entanglement is that the
separated parties are only allowed to perform quantum
operations on their own subsystems and to communicate
to each other classically (LOCC). Using this restricted
set of transformations, the parties are often required to
optimally manipulate the nonlocal resources contained in
the initial entangled state.
A central problem about quantum entanglement is
thus to find the conditions of when a given entangled
state can be transformed into another one via LOCC.
This problem can be solved in two different, but comple-
mentary, contexts: the finite regime and the asymptotic
regime. In asymptotic regime, Bennett et al. proposed
in Ref. [4] a reversible protocol which shows that infi-
nite copies of a given bipartite entangled pure state |ψ1〉
can always be transformed by LOCC into another given
bipartite entangled pure state |ψ2〉 with ratio H(|ψ1〉)H(|ψ2〉) ,
where H(|ψ〉) is the entropy of entanglement of |ψ〉. The
first important step of entanglement transformation in
the finite regime was made by Nielsen in Ref. [5], where
he presented the condition of two bipartite entangled
pure states |ψ1〉 and |ψ2〉 with the property that |ψ1〉 can
be locally converted into |ψ2〉 deterministically. More
precisely, Nielsen proved that the transformation |ψ1〉 →
|ψ2〉 can be achieved with certainty by LOCC if and only
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if the Schmidt coefficient vector of |ψ1〉 is majorized by
that of |ψ2〉. Nielsen’s result has been extended in several
ways to the case where deterministic local transformation
cannot be achieved [6, 7, 8, 9, 10, 11, 12, 13]. These ef-
forts also lead to the surprising phenomenon of entangle-
ment catalysis [9]. Unlike the asymptotic regime, it has
been shown that during the entanglement manipulation
some nonlocal properties of the system are irreversibly
lost, and that entanglement does not behave as an addi-
tive resource in the finite regime.
This paper considers an interesting problem which in
a sense can be thought of as a combination of the finite
regime and the asymptotic regime. Suppose that two par-
ties sharem copies of entangled pure state |ψ1〉, and want
to deterministically transform them into some copies of
another state |ψ2〉 by LOCC. Let f(m) be the maximal
number of copies of |ψ2〉 they can obtain. Then the deter-
ministic entanglement exchange rate D(|ψ1〉, |ψ2〉) may
be defined as the optimal ratio f(m)
m
, where m ranges
over all positive integers. The main aim of this paper is to
evaluate D(|ψ1〉, |ψ2〉). This problem has some features
of the asymptotic regime in the sense that the number
of copies of the source state is sufficiently large. On the
other hand, it also shares some properties with transfor-
mations in the finite regime since they need the transfor-
mation to be implemented with certainty.
In this paper we mainly consider the case of bipartite
entangled pure states. First, we are able to prove that the
deterministic entanglement exchange rate D(|ψ1〉, |ψ2〉)
is always positive, which means that sufficiently many
copies of an entangled pure state |ψ1〉 always can be
transformed into some copies of another entangled pure
one. Second, we define the entropy ratio R(|ψ1〉, |ψ2〉)
to be the infimum of ratios of Renyi’s entropies of |ψ1〉
and |ψ2〉. Then it is shown that D(|ψ1〉, |ψ2〉) is bounded
from top by R(|ψ1〉, |ψ2〉). Furthermore, we examine a
special case. If the target state |ψ2〉 is maximally entan-
gled, then the upper bound can be achieved. Indeed, an
analytical formula for calculating D(|ψ1〉, |ψ2〉) is given.
A somewhat surprising thing comes up when we con-
sider the influence of catalysis on the deterministic en-
tanglement exchange rate. It is demonstrated that
2D(|ψ1〉, |ψ2〉) cannot be enhanced even allowing extra en-
tangled states to serve as catalysts. In other words, en-
tanglement catalysis has no effect on the deterministic
entanglement exchange rate. Nevertheless, we show that
a catalyst state is also useful since sometimes it can help
us to obtain better lower bounds of deterministic entan-
glement exchange rate easily.
As applications, we also present some concrete exam-
ples. In particular, we show an interesting phenomenon:
there exist two states with deterministic entanglement
exchange rate strictly larger than 1 though they are in-
comparable under LOCC. More explicitly, although |ψ1〉
cannot be transformed into |ψ2〉 directly under LOCC,
sometimes it is still possible to transform m copies of
|ψ1〉 into n copies of |ψ2〉 with n > m. In some sense,
this phenomenon confirms that it is reasonable to use
the notion of deterministic entanglement exchange rate
to characterize the efficiency of deterministic transforma-
tion under LOCC.
The rest of the paper is organized as follows. In
Sec. II, we formally introduce the notion of determinis-
tic entanglement exchange rate D(|ψ1〉, |ψ2〉), and prove
that this quantity is positive and bounded from top by
R(|ψ1〉, |ψ2〉). A formula of D(|ψ1〉, |ψ2〉) when |ψ2〉 is
maximally entangled is also presented in Sec. II. Next,
in Sec. III, the relation between entanglement catalysis
and deterministic entanglement exchange rate is exam-
ined carefully. As applications, some concrete examples
are given in Sec. IV. We draw a brief conclusion together
with some open problems for further study in Sec. V.
II. DETERMINISTIC ENTANGLEMENT
EXCHANGE RATE AND ENTROPY RATIO
Let |ψ1〉 =
∑n
i=1
√
αi|i〉|i〉 be an entangled pure state
with ordered Schmidt coefficients α1 ≥ α2 ≥ . . . ≥ αn ≥
0. We use the symbol λψ1 to denote the ordered Schmidt
coefficient vector of |ψ1〉, i.e., λψ1 = (α1, . . . , αn), which
is just an n-dimensional probability vector. Let |ψ2〉 =∑m
i=1
√
βi|i〉|i〉 be a pure state with ordered Schmidt co-
efficient vector λψ2 = (β1, . . . , βm). We say that λψ1 is
majorzied by λψ2 , denoted by λψ1 ≺ λψ2 , if the sum of l
largest components of λψ1 is not greater than that of λψ2
for each l = 1, . . . ,min(m,n). We write |ψ1〉 → |ψ2〉 if
|ψ1〉 can be deterministically transformed into |ψ2〉 under
LOCC.
Using the above notations, Nielsen’s theorem [5] can be
stated as follows: |ψ1〉 → |ψ2〉 if and only if λψ1 ≺ λψ2 .
By Nielsen’s theorem, to determine whether |ψ1〉 can
be transformed into |ψ2〉 under LOCC, it suffices to check
min{m,n} inequalities. If |ψ2〉 is a maximally entangled
state, then we need only to check one inequality.
Lemma 1 Let |ψ1〉 be an entangled state with the
largest Schmidt coefficient α1, and let |Φk〉 =
1√
k
∑k
i=1 |i〉|i〉 be a maximally entangled state. Then
|ψ1〉 → |Φk〉 if and only if α1 ≤ 1k .
Proof. Immediately from the definition of majorization
and Nielsen’s theorem. 
Suppose now that |ψ1〉 and |ψ2〉 are two entangled
states, we define f(m) by the maximal positive integer
n such that |ψ1〉⊗m can be transformed into |ψ2〉⊗n by
LOCC, i.e.,
f(m) = max{n : |ψ1〉⊗m → |ψ2〉⊗n}. (1)
If the set on the right-hand side of Eq.(1) is empty, we
simply set f(m) to zero. Now the deterministic entan-
glement exchange rate from |ψ1〉 to |ψ2〉, denoted by
D(|ψ1〉, |ψ2〉), is defined as the supremum of ratios of
f(m) and m for any positive integer m, i.e.,
D(|ψ1〉, |ψ2〉) = supm≥1
f(m)
m
. (2)
Intuitively, for a sufficiently largem, we can transformm
copies of |ψ1〉 exactly into mD(|ψ1〉, |ψ2〉) copies of |ψ2〉
by LOCC.
It may be instructive to clarify the difference be-
tween the deterministic entanglement exchange rate in-
troduced above and the asymptotic entanglement ex-
change rate considered by Bennett et al. Recall from
[4] that the asymptotic entanglement exchange rate, de-
noted by Easy(|ψ1〉, |ψ2〉), is given by
Easy(|ψ1〉, |ψ2〉) = H(|ψ1〉)
H(|ψ2〉) , (3)
where H(|ψ1〉) = −
∑
αi log2 αi is the entropy of en-
tanglement of |ψ1〉. The quantity Easy(|ψ1〉, |ψ2〉) has
a nice physical meaning. In fact, for a sufficiently large
m, we can approximately transformm copies of |ψ1〉 into
mEasy(|ψ1〉, |ψ2〉) copies of |ψ2〉. Here ‘approximately’
means that the resulted state is a good approximation of
|ψ2〉⊗mEasy(|ψ1〉,|ψ2〉) in the sense that the fidelity between
them tends to one with high probability when m tends to
infinity. On the other hand, as we just mentioned, we can
transform m copies of |ψ1〉 exactly into mD(|ψ1〉, |ψ2〉)
copies of |ψ2〉 by LOCC for a sufficiently large m. Thus,
although both Easy(|ψ1〉, |ψ2〉) and D(|ψ1〉, |ψ2〉) are de-
fined in an asymptotic sense, the former characterizes
the efficiency of approximate entanglement transforma-
tion, while the later represents the efficiency of determin-
istic entanglement transformation. We will see later that
Easy(|ψ1〉, |ψ2〉) is an upper bound of D(|ψ1〉, |ψ2〉) and
in some special cases these two quantities coincide. In
the rest of present paper, we investigate properties of the
deterministic entanglement exchange rate carefully.
First, one can easily check that the deterministic en-
tanglement exchange rate defined above has the following
interesting properties:
Lemma 2 If |ψ1〉, |ψ2〉 and |ψ3〉 are three entangled pure
states, then
1. D(|ψ1〉⊗p, |ψ2〉⊗q) = pqD(|ψ1〉, |ψ2〉).
2. D(|ψ1〉, |ψ2〉) ·D(|ψ2〉, |ψ3〉) ≤ D(|ψ1〉, |ψ3〉). Espe-
cially, D(|ψ1〉, |ψ2〉)D(|ψ2〉, |ψ1〉) ≤ 1.
33. D(|ψ1〉⊗ |ψ2〉, |ψ3〉) ≥ D(|ψ1〉, |ψ3〉)+D(|ψ2〉, |ψ3〉).
4. D(|ψ1〉, |ψ2〉) ≥ 1 and D(|ψ2〉, |ψ1〉) ≥ 1 if and only
if λψ1 = λψ2 .
It would be desirable to know the precise value of
D(|ψ1〉, |ψ2〉). However, unlike the asymptotic entangle-
ment exchange rate, we still don’t know how to compute
the deterministic entanglement exchange rate at present.
Nevertheless, we can obtain a lower bound and an upper
bound of D(|ψ1〉, |ψ2〉), respectively.
Before proving these two bounds, let us review some
elements of Renyi’s entropy [14]. Recall that the τ -order
Renyi’s entropy of |ψ1〉 is defined by
S(τ)(|ψ1〉) = 1
1− τ log2
n∑
i=1
ατi , for any τ > 0 and τ 6= 1,
(4)
where (α1, · · · , αn) is the ordered Schmidt coefficient vec-
tor of |ψ1〉. For the sake of convenience, let S(0)(|ψ1〉) =
log2 d, S
(1)(|ψ1〉) = H(|ψ1〉), and S(+∞)(|ψ1〉) =
− log2 α1, where d is the number of non-zero Schmidt
coefficients of |ψ1〉. It is easy to verify that S(τ)(|ψ〉) is
continuous and bounded for any τ ∈ [0,+∞].
Renyi’s entropy enjoys many useful properties. The
most interesting one is the additivity under tensor prod-
uct. That is, S(τ)(|ψ1〉 ⊗ |ψ2〉) = S(τ)(|ψ1〉) + S(τ)(|ψ2〉).
Especially, S(τ)(|ψ1〉⊗m) = mS(τ)(|ψ2〉) for any positive
integer m. It is also worth noting that Renyi’s entropy
does not increase under LOCC. So, |ψ1〉 → |ψ2〉 implies
S(τ)(|ψ1〉) ≥ S(τ)(|ψ2〉).
Now we can use Renyi’s entropy to define a quantity
R(|ψ1〉, |ψ2〉) as follows:
R(|ψ1〉, |ψ2〉) = infτ≥0S
(τ)(|ψ1〉)
S(τ)(|ψ2〉)
. (5)
That is, R(|ψ1〉, |ψ2〉) is the infimum of the ratios of the
Renyi’s entropies of |ψ1〉 and |ψ2〉. We name this useful
quantity the ‘entropy ratio’ of |ψ1〉 and |ψ2〉.
It is easy to prove that R(|ψ1〉, |ψ2〉) has the following
properties:
Lemma 3 If |ψ1〉, |ψ2〉 and |ψ3〉 are three entangled pure
states, then
1. R(|ψ1〉⊗p, |ψ2〉⊗q) = pqR(|ψ1〉, |ψ2〉).
2. R(|ψ1〉, |ψ2〉)R(|ψ2〉, |ψ3〉) ≤ R(|ψ1〉, |ψ3〉). Espe-
cially, R(|ψ1〉, |ψ2〉)R(|ψ2〉, |ψ1〉) ≤ 1.
3. R(|ψ1〉 ⊗ |ψ2〉, |ψ3〉) ≥ R(|ψ1〉, |ψ3〉) +R(|ψ2〉, |ψ3〉).
4. R(|ψ1〉, |ψ2〉) ≥ 1 and R(|ψ2〉, |ψ1〉) ≥ 1 if and only
if λψ1 = λψ2 .
5. there exists τ0 ∈ [0,+∞] such that R(|ψ1〉, |ψ2〉) =
S(τ0)(|ψ1〉)
S(τ0)(|ψ2〉) .
Comparing Lemmas 2 and 3, one can see that
R(|ψ1〉, |ψ2〉) and D(|ψ1〉, |ψ2〉) enjoy many similar prop-
erties. Indeed, the former serves as an upper bound on
the latter, as the following theorem indicates:
Theorem 1 If |ψ1〉 and |ψ2〉 are two entangled states,
then
0 < D(|ψ1〉, |ψ2〉) ≤ R(|ψ1〉, |ψ2〉).
Proof. To prove the first inequality, we only need to
show that for some positive integer m, |ψ1〉⊗m → |ψ2〉,
which yields D(|ψ1〉, |ψ2〉) ≥ 1m > 0. Without loss of
generality, let |ψ2〉 be an n× n state, and |Φn〉 an n× n
maximally entangled state. It is obvious that |Φn〉 →
|ψ2〉. We shall show that by a careful choice of m we
have |ψ1〉⊗m → |Φn〉, thus |ψ1〉⊗m → |ψ2〉. In fact, let
α1 be the maximal component of λψ1 . Then, since |ψ1〉
is an entangled state, it follows that 0 < α1 < 1. Hence
it is always possible to take an m such that αm1 ≤ 1n .
Applying Lemma 1 leads us to |ψ1〉⊗m → |Φn〉.
To deal with the second inequality, we utilize the above
argument which states that for some sufficiently large m,
|ψ1〉⊗m → |ψ2〉⊗f(m) and f(m) ≥ 1. By the proper-
ties of Renyi’s entropy mentioned above, it follows that
mS(τ)(|ψ1〉) ≥ f(m)S(τ)(|ψ2〉), or
f(m)
m
≤ S
(τ)(|ψ1〉)
S(τ)(|ψ2〉) . (6)
Then the second inequality holds by taking supremum
according to m on the left-hand side and infimum
according to τ on the right-hand side of the above
formula, respectively. 
By the definition of entropy ratio, we have
R(|ψ1〉, |ψ2〉) ≤ Easy(|ψ1〉, |ψ2〉). Hence an immedi-
ate consequence of Theorem 1 is that D(|ψ1〉, |ψ2〉) ≤
Easy(|ψ1〉, |ψ2〉). In other words, the asymptotic entan-
glement exchange rate considered in Ref. [4] serves as an
upper bound of the deterministic entanglement exchange
rate.
Theorem 1 deserves some more remarks. First,
D(|ψ1〉, |ψ2〉) > 0 reveals a fundamental property of en-
tangled pure states. That is, any two entangled pure
states are interconvertible in the sense that sufficiently
many copies of one state can always be exactly trans-
formed into some copies of another state by LOCC [15].
Although this seems very reasonable, it is not all obvious
that it should be the case. Since it is well known that for
mixed states, there exist bounded entangled states that
cannot be concentrated into a singlet even asymptoti-
cally [16]. Moreover, as shown in Ref. [17], the maximal
conversion probability of a generic mixed state to an en-
tangled pure state is always zero. Thus entangled pure
states can be treated as the most valuable entanglement
resources, and they are interconvertible under LOCC.
Second, the theorem also indicates that R(|ψ1〉, |ψ2〉) is
an upper bound of D(|ψ1〉, |ψ2〉). Whether this bound is
tight or not is still unknown. In the following, we shall
further investigate the property of D(|ψ1〉, |ψ2〉), and it
will be shown that in some special but interesting cases,
this upper bound can be achieved.
In particular, if target state is maximally entangled,
we are able to calculate deterministic entanglement ex-
4change rate explicitly, which coincides with the upper
bound presented above.
Theorem 2 If |ψ1〉 is an entangled state with the great-
est Schmidt coefficient α1, and |Φk〉 is a k× k maximally
entangled state, then D(|ψ1〉, |Φk〉) = − logk α1.
Proof. By Theorem 1, for a sufficiently large positive
integer m, it holds that f(m) ≥ 1. Moreover, by the
definition of f(m), it follows that
|ψ1〉⊗m → |Φk〉⊗f(m) (7)
but
|ψ1〉⊗m 9 |Φk〉⊗f(m)+1. (8)
From Lemma 1, Eqs. (7) and (8) are equivalent to
(
1
k
)f(m)+1
< αm1 ≤
(
1
k
)f(m)
, (9)
or
− logk α1 −
1
m
<
f(m)
m
≤ − logk α1. (10)
With m tending to +∞, we have D(|ψ1〉, |Φk〉) =
− logk α1. 
We notice that the problem of deterministic concen-
tration of Bell pairs from a finite number of partially
entangled pairs was considered in Ref. [18]. As a nat-
ural extension of the solution of problem, the quantity
− logk α1 was treated there as an entanglement measure
of state |ψ1〉. It is clear that the precise meaning of this
quantity is the deterministic entanglement exchange rate
D(|ψ1〉, |Φk〉).
Except for some trivial cases, the transformations in
the finite regime is always irreversible in the sense some
entanglement is lost during the manipulation [5, 6, 10,
18]. Interestingly, if sufficiently many copies of source
state are available, sometimes we may do entanglement
transformation deterministically without loss of entan-
glement. For example, by Theorem 2,
D(|Φk1〉, |Φk2〉) =
1
D(|Φk2〉, |Φk1〉)
= logk2 k1. (11)
In other words, if both source state and target state are
maximally entangled, then the deterministic entangle-
ment exchange rate coincides with the asymptotic en-
tanglement entanglement exchange rate. Thus in this
special case the transformation can be reversible.
III. ENTANGLEMENT CATALYSIS AND
DETERMINISTIC ENTANGLEMENT
EXCHANGE RATE
In this section, we examine the relation between en-
tanglement catalysis and deterministic entanglement ex-
change rate. More precisely, we will answer the following
question: can the deterministic entanglement exchange
rate be increased by introducing catalysts?
We say that |ψ1〉 can be catalyzed into |ψ2〉 if there ex-
ists a state |φ〉 such that |ψ1〉⊗|φ〉 → |ψ2〉⊗|φ〉. This kind
of transformation is often called entanglement-assisted lo-
cal transformation, abbreviated by ELOCC [9]. And the
state |φ〉 is called a catalyst for the transformation. Since
an ELOCC transformation is always not less, and some-
times strictly more, powerful than a LOCC transforma-
tion, the deterministic entanglement exchange rate may
be increased by allowing extra states to serve as catalysts.
However, we shall prove that it is not the case.
To be concise, we define the notion of deterministic en-
tanglement exchange rate under ELOCC. More precisely,
suppose that |ψ1〉 and |ψ2〉 are two given states, we de-
fine f ′(m) as the maximum n such that |ψ1〉⊗m can be
catalyzed into |ψ2〉⊗n. That is,
f ′(m) = max{n : ∃|φ〉 s.t. |ψ1〉⊗m⊗ |φ〉 → |ψ2〉⊗n⊗ |φ〉}.
(12)
If the set on the right-hand side of Eq.(12) is empty, we
simply set f ′(m) to zero. Now the entanglement-assisted
deterministic entanglement exchange rate from |ψ1〉 to
|ψ2〉 can be defined as
Dc(|ψ1〉, |ψ2〉) = supm≥1
f ′(m)
m
, (13)
where the superscript c denotes “catalyst-assisted trans-
formation”. Intuitively, for a sufficiently large m,
mDc(|ψ1〉, |ψ2〉) denotes the maximal number of the
copies |ψ2〉 that can be deterministically obtained from
m copies of |ψ1〉 by ELOCC.
Now the relation between entanglement catalysis and
deterministic entanglement exchange rate is summarized
by the following:
Theorem 3 If |ψ1〉 and |ψ2〉 are two entangled states,
then Dc(|ψ1〉, |ψ2〉) = D(|ψ1〉, |ψ2〉).
In other words, deterministic entanglement exchange
rate cannot be increased by entanglement-assisted trans-
formation. The proof we will give in the following indi-
cates that this result also holds in the multipartite set-
ting though the existence of multipartite catalyst is still
unknown.
To prove the above theorem, we need a useful lemma.
This lemma also shows some connection between entan-
glement catalysis and the deterministic entanglement ex-
change rate.
Lemma 4 If |ψ1〉 → |ψ2〉 under ELOCC, then
D(|ψ1〉, |ψ2〉) ≥ 1.
Proof. By assumption, there exists a state |φ〉 such that
|ψ1〉 ⊗ |φ〉 → |ψ2〉 ⊗ |φ〉. (14)
From Theorem 1, we can find a constant m0 such that
|ψ1〉⊗m0 → |φ〉. (15)
5Now suppose that we havem copies of |ψ1〉, wherem >
m0. The following protocol shows that f(m) ≥ m−m0:
Step 1. perform |ψ1〉⊗m → |ψ1〉⊗(m−m0) ⊗ |φ〉;
Step 2. perform |ψ1〉⊗(m−m0) ⊗ |φ〉 → |ψ2〉⊗(m−m0) ⊗
|φ〉.
Step 1 is a simple use of Eq. (15), and step 2 can be
realized by using Eq. (14) (m−m0) times.
By the definition of D(|ψ1〉, |ψ2〉), it follows that
D(|ψ1〉, |ψ2〉) = supm≥1
f(m)
m
≥ supm>m0
m−m0
m
= 1.
That completes the proof of this lemma. 
Proof of Theorem 3. For a sufficiently largem, we have
|ψ1〉⊗m → |ψ2〉⊗f ′(m) under ELOCC. Thus, by Lemma
4, it follows that
D(|ψ1〉⊗m, |ψ2〉⊗f
′(m)) ≥ 1.
Furthermore, from (1) of Lemma 2, we have
D(|ψ1〉, |ψ2〉) = f
′(m)
m
D(|ψ1〉⊗m, |ψ2〉⊗f
′(m)).
Combining the above two equations, we derive
D(|ψ1〉, |ψ2〉) ≥ f
′(m)
m
for any positive integer m. Taking supremum according
to m yields
D(|ψ1〉, |ψ2〉) ≥ Dc(|ψ1〉, |ψ2〉).
On the other hand, it is obvious that
D(|ψ1〉, |ψ2〉) ≤ Dc(|ψ1〉, |ψ2〉).
That completes our proof. 
As a direct implication of Theorems 1 and 3, we have
the following:
Corollary 1 If |ψ1〉 → |ψ2〉 under ELOCC and
R(|ψ1〉, |ψ2〉) = 1, then D(|ψ1〉, |ψ2〉) = 1.
Some special cases of Corollary 1 are of great in-
terest. Suppose that |ψ1〉 → |ψ2〉 by ELOCC, then
D(|ψ1〉, |ψ2〉) = 1 if these two states share the same great-
est Schmidt coefficient or if they have the same number
of nonzero Schmidt coefficients.
IV. SOME APPLICATIONS
In this section, we give some concrete examples. First,
the problem of calculating deterministic entanglement
exchange rate of two 2×2 entangled pure states is consid-
ered. We present some partial results about this problem
in the following example.
Example 1 Let |ψ1〉 = √p|00〉+
√
1− p|11〉 and |ψ2〉 =√
q|00〉+√1− q|11〉, where 12 < p, q < 1. Our aim here
is to calculate D(|ψ1〉, |ψ2〉).
If p ≤ q, then it is easy to verify that |ψ1〉 → |ψ2〉 and
R(|ψ1〉, |ψ2〉) = 1. Thus D(|ψ1〉, |ψ2〉) = 1.
The case of p > q is much more complicated and
it seems too difficult to give a precise expression of
D(|ψ1〉, |ψ2〉). We consider a special case here. If there
is some positive real µ such that p = µm and q = µn,
where m = 1, 2, 3 and n > m. Then D(|ψ1〉, |ψ2〉) = mn .
In fact, under the assumptions, a direct calculation
carries out that |ψ1〉⊗n → |ψ2〉⊗m, thus D(|ψ1〉, |ψ2〉) ≥
m
n
. On the other hand,
R(|ψ1〉, |ψ2〉) ≤ S
(+∞)(|ψ1〉)
S(+∞)(|ψ2〉)
=
m
n
.
By Theorem 1, it follows that D(|ψ1〉, |ψ2〉) = mn . 
Nielsen’s theorem implies that there are incomparable
states |ψ1〉 and |ψ2〉 in the sense neither |ψ1〉 → |ψ2〉
nor |ψ2〉 → |ψ1〉. Thus the maximal conversion probabil-
ity between two incomparable state is strictly less than
1. The well-known effects of entanglement catalysis or
multiple-copy entanglement transformation [10, 11, 12]
can help us to transform some copies of source state |ψ1〉
into the same number of copies of target state |ψ2〉. We
further ask: can we obtain more copies of target state
than source state? To one’s surprise, the answer for this
question is yes. Specifically, the following example indi-
cates that there can be incomparable states |ψ1〉 and |ψ2〉
such thatD(|ψ1〉, |ψ2〉) > 1. It also shows that sometimes
a catalyst state can help us to obtain a more precise lower
bound of deterministic entanglement exchange rate.
Example 2 Let |ψ1〉 =
√
0.40|00〉 + √0.36|11〉 +√
0.14|22〉 + √0.10|33〉 and |ψ2〉 =
√
0.50|00〉 +√
0.25|11〉 + √0.25|22〉. It is obvious that |ψ1〉 9 |ψ2〉.
However, one can easily check that |ψ1〉⊗k → |ψ2〉⊗k for
any k ≥ 2. This is just the effect of multiple-copy entan-
glement transformation. The most interesting thing here
is that |ψ1〉⊗8 → |ψ2〉⊗9 by Nielsen’s theorem. Thus,
D(|ψ1〉, |ψ2〉) ≥ 9/8.
By Theorem 3, we have known that entanglement
catalysis cannot increase the deterministic entanglement
exchange rate. But a catalyst state is still useful in
the sense that it can help us to obtain more precise
lower bound of D(|ψ1〉, |ψ2〉). In fact, since |ψ1〉⊗7 and
|ψ2〉⊗8 are LOCC incomparable, we seek for a poten-
tial catalyst to help the transformation. Taking |φ〉 =√
0.60|44〉+√0.40|55〉, by a routine calculation, we have
|ψ1〉⊗7 ⊗ |φ〉⊗4 → |ψ2〉⊗8 ⊗ |φ〉⊗4,
where |φ〉 is called a multiple-copy catalyst for the trans-
formation from |ψ1〉 to |ψ2〉 [11]. Thus D(|ψ1〉, |ψ2〉) ≥
8/7 from Theorem 3. So, a more precise lower bound of
D(|ψ1〉, |ψ2〉) is obtained.
From the above argument, one may naturally ask:
is it possible to obtain a more precise lower bound of
6D(|ψ1〉, |ψ2〉) by transforming 6 copies of |ψ1〉 into 7
copies of |ψ2〉? Unfortunately, since
R(|ψ1〉, |ψ2〉) ≤ S
(2)(|ψ1〉)
S(2)(|ψ2〉)
= 1.1643 < 7/6,
it is impossible to transform 6 copies of |ψ1〉 into 7 copies
of |ψ2〉 by Theorem 1. 
A catalyst state may also help us to achieve the upper
bound of D(|ψ1〉, |ψ2〉) easily. We demonstrate this point
in the following example.
Example 3 Take source state and target state as
|ψ1〉 = 1√1.01 (
√
0.4|00〉+√0.4|11〉+√0.1|22〉+√0.1|33〉+√
0.01|44〉) and |ψ2〉 = 1√1.01(
√
0.5|00〉 + √0.25|11〉 +√
0.2|22〉+√0.05|33〉+√0.01|44〉), respectively.
By Remark 1 in Ref. [13], we have |ψ1〉⊗m 9 |ψ2〉⊗m
for any positive integer m. Thus f(m) < m for any m,
which yields D(|ψ1〉, |ψ2〉) ≤ 1 and any finite m cannot
attain the upper bound R(|ψ1〉, |ψ2〉) = 1. Now if we
take |φ〉 = √0.6|55〉+√0.4|66〉, then a simple calculation
carries out that |φ〉 is a multiple-copy catalyst for the
transformation from |ψ1〉 to |ψ2〉, since it holds that
|ψ1〉 ⊗ |φ〉⊗11 → |ψ2〉 ⊗ |φ〉⊗11.
Applying Lemma 4, we have D(|ψ1〉, |ψ2〉) ≥ 1. There-
fore, it holds that D(|ψ1〉, |ψ2〉) = 1, and this value can
be attained by transforming |ψ1〉 into |ψ2〉 with the aid
of the catalyst state |φ〉⊗11. 
The last example is aimed to demonstrate the differ-
ence between probabilistic transformation and determin-
istic transformation.
Example 4 Take |ψ1〉 =
√
0.4|00〉+√0.4|11〉+√0.2|22〉
and |ψ2〉 =
√
0.5|00〉+√0.25|11〉+√0.25|22〉.
It is obvious that |ψ1〉 and |ψ2〉 are incomparable even
under ELOCC [9]. Furthermore, the maximal conversion
probability [6] is given by
Pmax(|ψ1〉⊗k → |ψ2〉⊗k) = 0.8k,
which is exponentially decreasing when k increases [10].
On the other hand, we have R(|ψ1〉, |ψ2〉) = 1. By
Theorem 1, it holds that D(|ψ1〉, |ψ2〉) ≤ 1. A numerical
calculation leads to
|ψ1〉⊗m → |ψ2〉⊗m−1
for each m = 2, 3, . . . , 100, which yields
D(|ψ1〉, |ψ2〉) ≥ 0.99.
That is, by a probabilistic manner, we have only a very
small probability to obtain 100 copies of |ψ1〉 from the
same number of |ψ2〉; while by a deterministic manner,
we can obtain 99 copies of |ψ2〉 from 100 copies of |ψ1〉.

V. CONCLUSION
To summarize, we introduce the notion of deterministic
entanglement exchange rate to characterize the degree of
convertibility of two entangled pure states. This quantity
has a very clear intuitive meaning: it denotes the optimal
ratio of the number of copies of target state and source
state under deterministic LOCC . We prove that this rate
is always positive, and it is bounded from top by entropy
ratio. In the special case that the target state is maxi-
mally entangled, this upper bound can be achieved. We
further prove that even allowing extra states to serve as
catalysts, the deterministic entanglement exchange rate
cannot be increased. We give some concrete examples to
illustrate the application of the main results. Especially,
we demonstrate that there can be two incomparable en-
tangled states with deterministic entanglement exchange
rate larger than one. We also show that a catalyst can
help us in obtaining more precise lower bounds of deter-
ministic entanglement exchange rate.
There are still many open problems for further stud-
ies. The most interesting one is to determine the achiev-
ability of the upper bound of deterministic entanglement
exchange rate. We believe that such an upper bound can
always be achieved in general.
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